The L2 discrepancy is one of several well-known quantitative measures for the equidistribution properties of point sets in the high-dimensional unit cube. The concept of weights were introduced by Sloan and Woźniakowski to take into account of the relative importance of the discrepancy of lower dimensional projections. As known under the name of quasi-Monte Carlo methods, point sets with small weighted L2 discrepancy are quite useful in numerical integration. In this study, we investigate the component-bycomponent construction of polynomial lattice rules over the finite field F2 whose scrambled point sets have small mean square weighted L2 discrepancy. We prove an upper bound on this discrepancy which converges at almost the best possible rate of N −2+δ for all δ > 0, where N denotes the number of points. Numerical experiments confirm that the performance of our constructed polynomial lattice point sets is comparable or even superior to that of Sobol' sequences.
Introduction
In this paper, we study the approximation of an s-dimensional integral over the unite cube [0, 1)
by averaging function evaluations at N points with equal weights
f (x n ).
Monte Carlo (MC) and quasi-Monte Carlo (QMC) methods choose the point set P N,s = {x 0 , . . . , x N −1 } randomly and deterministically, respectively. The aim of QMC methods is to distribute the quadrature points as uniformly as possible so as to yield a small integration error. This idea is supported by the general form of various integration error bounds
where V (f ) is the variation of the integrand f in a certain sense, which depends only on f , while D(P N,s ) is the corresponding discrepancy of the point set P N,s , which measures the equidistribution properties of P N,s and depends only on P N,s . Thus the smaller D(P N,s ) is, the smaller an integration error we can expect. The most well-known bound is the so-called Koksma-Hlawka inequality in which V (f ) is the variation of f in the sense of Hardy and Krause and D(P N,s ) is the star discrepancy of P N,s , see for example [17, 20] . Randomization of the QMC point set is helpful to obtain statistical information on the integration error and sometimes even enables us to improve the rate of convergence for numerical integration. There have been several methods introduced for randomization [5, 18, 26, 35] . Using the linearity of expectation and (1), the mean square integration error is upper-bounded by
where the expectation is taken with respect to all the possible randomized point setsP N,s of P N,s . Hence, the mean square discrepancy becomes a meaningful measure of the equidistribution properties of P N,s in this setting. Among others for D(P N,s ), the L 2 discrepancy is one of the popular measures of the equidistribution properties of point sets. The relationship between the L 2 discrepancy and numerical integration has been often discussed in the literature, see for example [11, 23, 33, 37, 38] . Sloan and Woźniakowski [33] introduced the concept of the weighted L 2 discrepancy to take the relative importance of the discrepancy of lower dimensional projections into account. It provides a part of the reason why QMC methods are successful even for very large values of s, as often reported in the practical applications to financial problems [3, 22, 29] . This phenomenon is hard to explain by the classical integration error bounds. Hence, construction of point sets with small weighted L 2 discrepancy is of particular interest to practitioners. Especially, in this paper, we focus on constructing randomized QMC point sets with small mean square weighted L 2 discrepancy.
In order to give the definition of the weighted L 2 discrepancy, we introduce some notations first. For a point set P N,s = {x 0 , . . . , x N −1 } in the unit cube [0, 1) s , the local discrepancy function is defined as
where t = (t 1 , . . . , t s ) is a vector from [0, 1) s , [0, t) is the axis-parallel box of the form [0, t 1 ) × · · · × [0, t s ), and A N ([0, t), P N,s ) denotes the number of indices n with x n ∈ [0, t). Let I s = {1, . . . , s} and let γ u be a non-negative real number for u ⊆ I s . We denote by |u| the cardinality of u and by t u a vector from [0, 1) |u| containing all the components of t ∈ [0, 1) s whose indices are in u. Further, let dt u = j∈u dt j and let (t u , 1) denote a vector from [0, 1) s with all the components whose indices are not in u replaced by one. Then the weighted L 2 discrepancy of the point set P N,s is given by
We can recover the classical L 2 discrepancy by choosing γ Is = 1 and γ u = 0 for u ⊂ I s . The most famous choice of γ u is the so-called product weights, that is, γ u = j∈u γ j for all u ⊆ I s . The following proposition generalizes the well-known formula for the classical L 2 discrepancy introduced by Warnock, see for example [8, 19] .
s and any sequence γ = (γ u ) u⊆Is of weights, we have
where x n,j is the j-th component of the point x n .
There are two prominent construction principles of QMC point sets: lattice rules [20, 31] and digital (t, m, s)-nets [8, 20] . In this study, we are concerned with polynomial lattice rules which can be categorized into the latter, while its name comes from the analogy with lattice rules. Since first introduced by Niederreiter [21] , polynomial lattice rules have been extensively investigated, see for example [8, 16] . In the following, we give the definition of polynomial lattice rules for the case of base 2 because we will only deal with that case.
Let F 2 := {0, 1} be the two element field and denote by F 2 ((x −1 )) the field of formal Laurent series over F 2 . Every element of F 2 ((x −1 )) has the form
where w is an arbitrary integer and all t l ∈ F 2 . Further, we denote by
the set of all polynomials over F 2 . For a given integer m, we define the map v m from F 2 ((x −1 )) to the interval [0, 1) by
We often identify a non-negative integer k whose dyadic expansion is given by
s , we define the inner product as
and we write q ≡ 0 (mod p) if p divides q in F 2 [x] . Using these notations, the polynomial lattice point set is constructed as follows.
s . The polynomial lattice point set P 2 m ,s (q, p) is the point set consisting of 2 m points given by
In the following, the notation P 2 m ,s (q, p) implicitly means that deg(p) = m and the number of components for a vector q is s. For randomization of the polynomial lattice point set, we consider to apply Owen's scrambling [26, 27, 28] . It proceeds as follows. For
s , we denote the dyadic expansion by
s be the scrambled point of x whose dyadic expansion is represented by y j = y j,1 2 −1 + y j,2 2 −2 + · · · . Each coordinate y j is obtained by applying permutations to each digit of x j . Here the permutation applied to x j,k depends on x j,l for 1 ≤ l ≤ k − 1. In particular, y j,1 = π j (x j,1 ), y j,2 = π j,xj,1 (x j,2 ), y j,3 = π j,xj,1,xj,2 (x j,3 ), and in general
where π j,xj,1,··· ,x j,k−1 is a random permutation of {0, 1}. We choose permutations with different indices mutually independent from each other where each permutation is chosen with the same probability. Then, as shown in [26, Proposition 2], the scrambled point y is uniformly distributed in [0, 1) s . Our aim here is to find a vector q with p fixed, which yields a small mean square weighted L 2 discrepancy. Restricting each q j ∈ F 2 [x] such that q j = 0 and deg(q j ) < m, the number of candidates for q is (2 m − 1) s , which is quite large. The component-by-component (CBC) construction can significantly reduce the computational burden by searching over all the candidates of q j+1 while leaving the existing components (q 1 , . . . , q j ) unchanged. The CBC construction was first invented for lattice rules by Korobov [13] and re-discovered more recently by Sloan and Reztsov [32] . It also has been applied to polynomial lattice rules. Without requiring exhaustive search, the CBC construction usually finds a good vector q as discussed in many previous studies, see for example [2, 6, 7, 14, 15] . Hence, we employ the CBC construction to find a vector q which gives a small mean square weighted L 2 discrepancy.
We end this section with a brief outline of this paper. In the next section, we introduce Walsh functions and their useful properties. They play a central role in the analysis of the mean square weighted L 2 discrepancy. In Section 3, we study the mean square weighted L 2 discrepancy of scrambled polynomial lattice rules. Next, in Section 4, we construct polynomial lattice rules which have small mean square weighted L 2 discrepancy. We consider two cases for weights here: general weights and product weights. Our construction algorithm is extensible in s for product weights, while it is not for general weights. Finding adequate construction algorithm extensible in s for general weights is open for further research. We prove an upper bound on the root of this discrepancy which converges at a rate of N −1+δ for all δ > 0, where N = 2 m denotes the number of points. As Roth [30] proved that the lower bound on the classical L 2 discrepancy of N points is given by
where c s is a constant dependent only on s, our upper bound is almost best possible in the sense that a rate of N −1 cannot be achieved. We further discuss strong tractability of our construction algorithm. Finally, in Section 5, we show the performance of our constructed polynomial lattice rules and compare with that of the well-known Sobol' sequences.
Walsh functions
Walsh functions were first introduced by Walsh [36] and have been extensively studied for example in [4, 10] . We refer to [8, Appendix A] for more information on Walsh functions. In the following, N 0 := N ∪ {0} denotes the set of nonnegative integers. We first give the definition of dyadic Walsh functions for the one-dimensional case. This definition can be generalized to the higher-dimensional case.
wal kj (x j ).
In the following, the operator ⊕ denotes the digitwise addition modulo 2, that is, for x, y ∈ [0, 1) with dyadic representations
. We also define a digitwise addition for non-negative integers based on those dyadic representations. In case of vectors in [0, 1) s or N s 0 , the operator ⊕ is carried out componentwise. Further, we call x ∈ [0, 1) a dyadic rational if it can be represented by a finite dyadic expansion. The proposition below summarizes some basic properties of Walsh functions.
Proposition 2
We have the following:
1. For all k, l ∈ N and all x, y ∈ [0, 1) with the restriction that if x, y are not dyadic rationals, then x ⊕ y is not allowed to be a dyadic rational, we have
We have
Furthermore, in order to introduce an important relation between Walsh functions and polynomial lattice rules as described below in Lemma 1, we add one more notation and introduce the concept of the so-called dual polynomial lattice of a polynomial lattice point set
. With this notation, we introduce the following definition of the dual polynomial lattice D * q,p .
Definition 4
The dual polynomial lattice for a polynomial lattice point set Lemma 1 Let D * q,p be the dual polynomial lattice of a polynomial lattice point set P 2 m ,s (q, p). Then we have
In this section, we study the mean square weighted L 2 discrepancy of scrambled polynomial lattice rules. In [9] , Dick and Pillichshammer have derived the Walsh series expansion of the classical L 2 discrepancy. By a slight modification, we can rewrite the expression of the square weighted L 2 discrepancy given in Proposition 1 as follows.
Proposition 3 For any point set
where
Further, we have r(k, l) = r(l, k), and for non-negative integers 0 ≤ l ≤ k with dyadic expansions
The next corollary provides an expression for the mean square weighted L 2 discrepancy of scrambled polynomial lattice rules.
and the expectation is taken with respect to all the possible scrambled point sets
with all the components whose indices are not in v replaced by zero, and we have 
whenever k = l. In the following, we denote by y n,j the point obtained by applying Owen's scrambling to the point x n,j . Using (3), (4), Proposition 2 and the linearity of expectation, we have
Now we need to introduce the following notations. For l v = (l j ) j∈v ∈ N |v| , we define a set B l v as
We denote by σ lv the sum of r v (k v , k v ) over all k v ∈ B lv . We have
where |l v | 1 := j∈v l j . Further, we introduce a so-called gain coefficient, which is independent of the choice of k v ∈ B l v ,
where the last equality appeared in the proof of [8, Corollary 13.7] . Using these notations and their results, we have
The proof is complete by swapping the order of sums. ✷
We denote the sum in Corollary 1 by
Using the property of dual polynomial lattice D * q,p shown in Lemma 1, we can derive a more computable form of B(q, γ). In the following, we write log 2 for the logarithm in base 2 and we set 2 ⌊log 2 0⌋ = 0.
Lemma 2 Let B(q, γ) be given by (5). Then we have
where for x ∈ [0, 1) we setφ
andγ v is defined as in Corollary 1. In particular, in case of product weights, we have
where for x ∈ [0, 1) we set
Proof. Applying Lemma 1 to B(q, γ), we have
For the innermost sum, we have by following the similar line as the proof of [1,
Thus the result for the first part of the lemma follows.
Next in case of γ v = j∈v γ j , by letting γ ∅ = 1, we havẽ
Inserting this result into (6), we have
Thus the proof for the second part of the lemma is complete. ✷
Since we have the following recursion in the inner sum of (6)
for 1 ≤ r ≤ s, the computational complexity of computing B(q, γ) with the general weights is O(2 ms ). In case of the product weights, on the other hand, the computational complexity of computing B(q, γ) reduces to O(s2 m ).
Construction of polynomial lattice rules
In this section, we first show how to find a vector q by using the CBC construction algorithm for general weights and product weights respectively. We prove that an upper bound on B(q, γ) satisfied by our algorithm converges at almost the best possible rate of N −2+δ for all δ > 0. Further in this section we discuss strong tractability of our algorithm.
We restrict each polynomial q j such that q j = 0 and deg(q j ) < m. In the following, we denote by R m the set of all the non-zero polynomials over F 2 with degree less than m, i.e., R m = {q ∈ F 2 [x] : deg(q) < m and q = 0}.
It is clear that |R m | = 2 m − 1. Further, we write q τ = (q 1 , . . . , q τ ) for 1 ≤ τ ≤ s.
General weights
The CBC construction for general weights proceeds as follows.
Algorithm 1 (CBC construction for general weights) For m, s ∈ N and any sequence of weights γ = (γ u ) u⊆Is , we proceed as follows.
Choose an irreducible polynomial
in whichγ v is defined as in Corollary 1.
Remark 1 Since computingγ v in
Step 3. of Algorithm 1 requires γ v such that v I τ , Algorithm 1 is not extensible in s. From the last line in the proof of Corollary 1, it is possible to replace B((q * τ −1 , q τ ), γ) by
Then we can make the construction algorithm extensible in s. Because of the technical difficulty in treating two outermost sums in the right-hand side, however, it is hard to prove that polynomial lattice rules constructed using this replaced criterion achieve almost the best possible rate of convergence.
The next theorem provides an upper bound on B(q τ , γ) for the polynomials q * τ for 1 ≤ τ ≤ s constructed according to Algorithm 1. It converges at almost the best possible rate of N −2+δ for all δ > 0. In the proof of the theorem, we use the following inequality, which states that for any sequence (a i ) i∈N of non-negative real numbers we have
for any 0 < λ ≤ 1.
be an irreducible polynomial with deg(p) = m. Suppose that q * s ∈ R s m is constructed according to Algorithm 1. Then for all τ = 1, . . . , s we have
for 1/2 < λ ≤ 1, whereγ v is defined as in Corollary 1.
Proof. We prove the theorem by induction on τ . For τ = 1, we have
Hence the result holds true for τ = 1.
Next, assume that the statement of the theorem is true for some τ ≥ 1. Then it is enough to show that the statement is also true for the (τ + 1)-th component. In the following, we classify each subset u according to whether u includes the component {τ + 1} or not. Then we have
where we have defined
In order to obtain an upper bound on θ(q * τ +1 ), we employ the averaging argument. Since we choose q * τ +1 which minimizes θ 2 (q τ +1 ) in Algorithm 1, θ λ (q * τ +1 ) has to be less than or equal to the average of θ λ (q τ +1 ) over q τ +1 ∈ R m for any 1/2 < λ ≤ 1. We obtain
where we have used (9) in the second inequality. For a fixed v ⊆ I τ , we consider the condition (
If k τ +1 is a multiple of 2 m , we always have tr m (k τ +1 ) = 0 and the above equation becomes independent of q τ +1 . Otherwise if k τ +1 is not a multiple of 2 m , we have tr m (k τ +1 ) = 0 and the term tr m (k τ +1 ) · q τ +1 cannot be a multiple of p. Thus we have
Using this result, we obtain an upper bound on θ(q * τ +1 ) as
Finally by applying (9) we have
for 1/2 < λ ≤ 1, from which (10) holds true for the (τ +1)-th component. Hence the result follows. ✷ Remark 2 For τ = 1, we have as in the proof of Theorem 1
Since the lower bound on the L 2 discrepancy is given as in (2), this achieves the best possible rate of convergence. As a one-dimensional polynomial lattice point set consists of the equidistributed points x n = n/b m , n = 0, . . . , 2 m − 1, other QMC point sets such as Sobol' and Niederreiter sequences constructed over F 2 also give the same result.
Remark 3 For τ = s, we further have
where we have used (9) in the second inequality and swapped the order of sums in the last equality. Thus, we have obtained an upper bound on B(q * s , γ) using notγ v but γ v for v ⊆ I s .
In the following we discuss strong tractability of our construction algorithm. Let us consider the inverse of the mean square weighted L 2 discrepancy which is defined as follows
We say that the mean square weighted L 2 discrepancy is strongly tractable if there exist non-negative constants C and β such that
where C depends neither on ǫ or s and we call β the exponent of tractability.
In the next corollary, we write γ s,u instead of γ u to emphasize the dependence on s of our construction algorithm. We denote by γ a sequence of weights (γ s,u ) u⊆Is for s ∈ N.
Corollary 2 Assume that the weights γ satisfy the condition
for some λ such that 1/2 < λ ≤ 1. Then the mean square weighted L 2 discrepancy is strongly tractable with the exponent of tractability at most λ.
Proof. For the empty point set P 0,s , we have
For a polynomial lattice point set P 2 m ,s constructed by Algorithm 1, we have from Remark 3
The last term is smaller than or equal to ǫE[L 
Product weights
In case of product weights, we have for (8)
Omitting the term
from criterion, computing B((q * τ −1 , q τ ), γ) does not require γ τ +1 , . . . , γ s . Therefore we can make the construction algorithm extensible in s, while it is still possible to prove that constructed polynomial lattice rules achieve almost the best possible rate of convergence as shown below in Theorem 2. Thus the CBC construction for product weights proceeds as follows.
Algorithm 2 (CBC construction for product weights) For m, s ∈ N and product weights γ u = j∈u γ j with any non-negative numbers γ 1 , . . . , γ s , we proceed as follows. 
where we defineγ 
Proof. We prove the theorem by induction on τ in a quite similar way as the proof of Theorem 1. For τ = 1, we have the result by replacingγ {1} with γ {1} /3. For τ ≥ 1, assume that the statement of the theorem is true. Then we have
Following the same argument with the proof of Theorem 1, we can obtain
Then using (9), we have
for 1/2 < λ ≤ 1. Hence the result follows. ✷
Remark 4
For any τ such that 1 ≤ τ ≤ s, we have
where we have used (9) in the last inequality. This expression gives an upper bound on B(q * τ , γ) using notγ τ,v but γ j for 1 ≤ j ≤ s. Then as in Corollary 2, assume that the sequence of weights γ 1 , γ 2 , . . . , satisfy the condition
Remark 5
The criterion used in Algorithm 2 can be simplified into
For this form, it is possible to reduce the computational cost of the CBC construction by using the fast Fourier transform as shown in [24, 25] .
Numerical experiments
Finally, we demonstrate the performance of our constructed polynomial lattice rules. We focus on the case of product weights, that is, γ u = j∈u γ j , because of their importance in practice and the availability of the fast CBC construction algorithm using fast Fourier transform as mentioned in Remark 5. Three choices for γ j are considered here: γ j = 1 (unweighted), γ j = 0.9 j and γ j = 1/j 2 for j = 1, . . . , s.
We compare the performance of our constructed polynomial lattice point sets with that of Sobol' sequences, which is one of the most well-known digital sequences over F 2 [34] . Since the weights emphasize the relative importance of the discrepancy of lower dimensional projections, we use Sobol' sequences as constructed in [12] , which should work as a good competitor.
In Table 1 -3, we show the values of the mean square weighted L 2 discrepancy for Sobol' sequences and our constructed polynomial lattice point sets, denoted by Sobol' and PLR respectively, with m = 4, . . . , 15 and s = 1, 5, 50, 100 and different choices for the weights.
As expected from Remark 2, we obtain exactly the same values for both the rules for s = 1 and achieve the optimal rate of convergence, 2 −2m , independent of the choice of the weights. In case of s = 5, although Sobol' sequence provide the slightly better results for large m, the values are comparable. For s = 50 and s = 100, we obtain almost the same values for both the rules in the unweighted case, while our constructed polynomial lattice point sets outperform Sobol' sequences in other cases. 
